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Abstract 

The qual ity factor, Q, for a number of configurations of a m icrostrip antenna is evaluated us ing exact and approximate 
qual ity-factor formulas found in the l iterature .  A number of s l its paral le l  to the rad iating edges are used to m in iaturize the 
m icrostrip antenna's size . The m icrostrip antenna in  use is considered to be electrical ly  smal l  accord ing to Wheeler's 
e lectrica l ly  smal l  antenna defin ition .  The Q for each configuration is numerica l ly eva luated us ing the g iven expressions, 
for s imulated and measured data , and is compared to the Chu lower bound .  There is good agreement between the 
results ,  whi le the Q lower fundamental l imitation is not violated . Despite the size reduction ,  satisfying rad iation efficiency 
is achieved , and the rad iation pattern remains unchanged . 

Keywords :  Chu l im it; electrica l ly smal l  antennas;  microstrip antennas; qual ity factor Q 

1 .  I ntrod uction 

Today, there is a demand in modem communication sys
tems for smaller antennas, with sizes significantly less 

than the usual half-wavelength. However, the antenna's size 
with respect to the wavelength is the parameter that will have 
the main influence on the radiation characteristics, thus making 
the miniaturization process a challenging task. Antennas can 
be made smaller by increasing their electrical length, without 
affecting their physical length. 

The purpose of this work is twofold. The first purpose is 
to investigate the miniaturization of a rectangular microstrip
patch antenna by inserting a number of slits parallel to the 
radiating edges (as these are defined for a rectangular micro
strip). The slits force the surface currents to meander, thus 
artificially increasing the antenna's electrical length, without 
modifYing the patch's global dimensions. A significant 
decrease in the resonant frequency is observed, depending on 
the slit's length and width. The resultant antenna can be char
acterized as a small antenna in accordance with the relevant 
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fundamental limitations. Second, there are a number of exact 
and approximate expressions found in the literature [ 1 -4] used 
to calculate the quality factor, Q, primarily for but not limited 
to wire antennas. In this work, these formulas are applied to 
the proposed miniaturized microstrip antennas to check the 
antennas ' behavior and the validity under these formulas. The 
presented numerical results are compared to the Chu limit 
concerning the lowest achievable quality factor, Q, as a func
tion of the antenna's occupied physical volume. 

2. Q Defi n itions and Fundamental L im its 

As a measure of antenna performance, the quality factor 
can generally be defined in three ways : (i) as a relation between 
the stored reactive energy and the radiated power of the antenna, 
(ii) as a function of its impedance or admittance, and (iii) as a 
function of its bandwidth. Every approach has its own physical 
meaning and yields different operational limits. 

Using the first approach, for a nonresonant antenna that 
is tuned by a lossless reactive element so that its input imped
ance becomes purely real, an exact quality factor of the system 
consisting of the antenna and the ideal reactive element can be 
defined as [5 ,  6] 

Q = 2liJoW 

P , ( 1 )  

where liJo i s  the angular resonant frequency, W i s  the larger of 

the time-averaged stored magnetic and electric energies in the 
antenna, and P is the total power dissipated in radiation and 
losses. Consequently, Equation ( 1 )  can be considered to be the 
upper bound on the Q of an antenna system that is tuned to 
resonance by the addition of a single reactive element. Any loss 
in the tuning element would reduce the Q below that given by 
Equation ( 1 ). 

Equation ( 1 )  calculates the exact value of Q of an 
antenna, and requires that internal energy and dissipated power 
be expressed in terms of the antenna's field properties and 
impedance. According to [ 1 ] ,  the definition in Equation ( 1 )  for 
the quality factor, Q, of an electrically small antenna can be 
expressed as 

where Ro ( liJo ) = R ( liJo ) is the input resistance of the antenna, X 0 ( liJo ) = X ( liJo ) + Xs ( liJo ) is the total input reactance ( Xs (liJo ) is the reactance of the ideal tuning element at the 

resonant frequency), 10 is the total current amplitude, WL (liJo ) 
is the material-loss dispersion energy, and WR (liJo ) is the far

field dispersion energy, where dispersion means that these 

energies depend on the frequency derivative of the fields. All 
the necessary relations for the evaluation of the above quantities 
can be found in [ 1 ] .  The expressions on the right-hand sides of 
Equations ( 1 )  and (2) are very different in form, yet they are 
exact, and thus produce the same value of Q( liJo ) . 

Following the second approach, the quality factor of an 
electrically small antenna - which is characterized by a single 
impedance resonance within a defined bandwidth of interest -
can be approximated at any angular frequency liJ by [ 1 ]  

Q. (OJ) . 2R(OJ) R' (OJ)' + [ X' (OJ)y�OJ)IJ 
' 

(3) 

where R ( liJ) and X ( liJ) are the input resistance and reactance 

of the antenna, respectively, and the prime denotes a frequency 
derivative. 

Beyond these exact and approximate expressions of the 
antenna's Q, which take into account the antenna's field prop
erties and impedance, from the third approach follows an 
expression that relates Q to the matched voltage-standing
wave-ratio (VSWR) bandwidth. For an antenna tuned at a fre
quency liJo , this bandwidth is defined as the difference between 

the two frequencies on either side of liJo at which the VSWR 

equals a constant value, s, provided the characteristic impedance, 
Zo , of the feed line is equal to Zo ( liJo ) = Ro ( liJo ) = R ( liJo ) . 
The relationship between the two quantities is finally given by 
[ 1 ]  

ro s - l 
",/J = / ::; 1 . 2"s 

(4) 

The expression in Equation (4), as well as the aforementioned 
exact Equation (2) and the approximate Equation (3) expres
sions, are used here to calculate the quality factor, Q, of the 
miniaturized microstrip-antenna configurations . The results are 
compared with the Chu limitation and the miniature antenna 
limit in Section 3 .  For a stricter bound, especially for well
defined (Euclidean) antenna shapes, one can also use the 
expression given in [7] . In addition, this work extends and 
validates previous results [8,  9] with measurements for tradi
tional and meander microstrip antennas. 

While the exact expression of Equation ( 1 )  for the 
antenna's Q defines an upper bound for its value [6] , a restric
tion is also imposed concerning its lower value for a given 
antenna. The fundamental Q limitations of small antennas 
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were first addressed by Wheeler [ 1 0- 1 2] and Chu [5] . It has 
been shown that when an antenna becomes electrically small, 
its bandwidth decreases. Chu related the antenna's radiation 
quality factor, Q, to the "radiansphere," the smallest sphere that 
encloses the antenna [ 1 0- 1 2] .  Chu established a fundamental Q 
limitation, which was later reexamined by McLean [ 1 3] ,  and is 
given by 

(5) 

where A, is the operating wavelength, a is the radius of the 
radiansphere, and k = 21C/ A, . 

For a rectangular microstrip antenna with (finite) dielec
tric only underneath the patch and (ideally) infinite ground 
plane, the radiansphere has a radius slightly larger than half of 
the diagonal dimension of the patch, due to the thickness of the 
substrate. The expression in Equation (5) holds for linearly 
polarized antennas, and establishes a fundamental limit that no 
antenna can ever exceed, independently of the art that is used to 
construct it. If the antenna has losses, meaning the efficiency is 
lower than unity, then Q = 'lQ . Thus, the more efficiently an lb 
antenna occupies its radiansphere, the closer its Q would be to 
the lower Chu bound, while an improved bandwidth can be 
achieved [ 14, 1 5] .  

Wheeler and Chu also introduced the definition o f  the 
electrically small antenna (ESA). An antenna is considered to 
be electrically small if the radius of its radiansphere is 
a < A,/21C , or, alternatively, if ka < 1 . However, small antennas 

are subject to a number of limitations and restrictions that cause 
their performance to deteriorate. While the radiation pattern of 
a small antenna remains practically the same for a smaller size, 
the radiation resistance decreases relative to other resistances 
(ohmic losses, dielectric losses) . This results in reduced 
efficiency, and is one of the principal limitations of electrically 
smaller antennas. 

3. N u merical Res u lts 

A rectangular microstrip-patch antenna of resonant length 
L = 36 mm and width W = 44 mm was initially designed on 
RogersTM R03003 substrate, with cr = 3 .00 and 

tan 8 = 0.00 1 3 . With this patch as a basis, meander microstrip 
antennas that had the same overall patch dimensions were also 
designed and fabricated on three substrates of different thick
ness: h = 0.75 mm, h = \ .5 mm, and h = 3 mill. The schematics 
ofthese patches are shown in Figure I .  The slits for the meander 
patches were placed parallel to the radiating edges of the 
rectangular patch (W); when this resonates at the fundamental 
mode, they achieve an area miniaturization as they force the 
current on the surface of the patch to follow a meander route. 
This increases the electrical length and decreases the antenna's 
resonant frequency, fr ' while its overall dimensions remain 

unchanged. The above statement is expressed using the quantity 

L 

h 
--�------�� __ � __ �---.� = 3 

.. t 
Radiating Edges 

Figure l a. The original patch antenna utilized. 

.r 
$1  � I I 

1 .... lWs .. 1 
�1 I 

Figure lb. The layout of the resultant small antenna. 

Figure 2a. The current distribution for the basic rectan
gular patch. 

Figure 2b. The current distribution for the patch design 
with a slit length of Ls = 3 1  . 

known as electrical size, Es = L/ A" and so as Ls (the slit 

length) increases, the electrical size diminishes. This 
miniaturization procedure becomes apparent in Figure 2, which 
shows the average current density distribution for both 
configurations. In Figure 2b, a maximum current density is 
shown, located at the center of the patch, because the whole 
current is forced to flow from one edge to the other, passing 
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Table 1. 3 mm coaxially fed meander microstrip antennas: slit length, resonant frequency, measured and 
simulated approximate Qz from Equation (3), measured matched VSWR bandwidth QFBW from 

Equation (4) for SWR = 2 ,  simulated exact Qo from Equation (2), electrical size, radiansphere radius and 

product ka = 21W/ Ao , and simulated radiation efficiency. 

Ls 10 Qz Qz QFBW Qexact Es 
Radiation 

a/Ao ka Efficiency 
(mm) (GHz) (Meas.) (Simul.) ( SWR = 2 ) (Simul.) ( L/Ag ) (%) 

0 2.236 29.5 26.4 28 .6 25 .8  0.444 0.2 1 2  1 .33 1 83 . 1  
1 3  1 .665 - 92.0 - - 0.33 1 0 . 1 58 0.99 1 7 1 .8 
1 5  1 .535  - 1 12 .6 - - 0.305 0 . 1 45 0.9 14  63 .8  
1 7  1 .400 1 58.3 1 32.6 1 5 5 .4 1 32 0.278 0. 1 33  0 .834 53 .3  
19  1 .263 1 94.6 1 73 .6  1 88 .8  1 67 0.25 1 0 . 1 20 0.752 40.2 
2 1  1 . 1 1 5  - 1 50.0 - - 0.222 0 . 1 06 0.664 24.6 
23 0.953 - 200.7 - - 0. 1 90 0 .090 0.567 2 1 .5 
25 0 .838 - 223 .6 - - 0. 1 67 0.080 0.499 1 1 . 1  
27 0 .755 - 248.4 - - 0. 1 50 0.072 0.449 5 . 7  
29 0.689 - 286.3 - - 0. 1 37  0 .065 0.4 1 0  3 .7 
3 1  0 .64 - 36 1 .6 - - 0. 1 23 0 .06 1 0.3 8 1  2.4 

Table 2. A comparison among coaxially fed meander antennas: slit length, 
resonant frequency, 

and simulated radiation efficiency. 

Ls 10 Radiation 10 Efficiency 
(mm) (GHz) (%) (GHz) 

0 2 .36 7 1 .0 2 .32 

1 7  1 . 33  9.2 1 .36 

1 9  1 . 1 7  4.6 1 .2 1  

3 1  0 .54 0 . 1 0 .58 

only through this narrow path. After a number of simulations, 
the slit width, Ws ' was set equal to 6 mm, while the increase of 
the slit length, Ls ' can significantly shift the resonant frequency 
downwards. Simulations were carried out using IE3DTM, a 
commercial Method of Moments (MoM) code well suited for 
planar structures .  

The responses of antennas designed with h = 0.75 mm, 
with slit lengths equal to Ls = 2 1 , 23, 25, 27, 29, and 3 1  mm, 
are shown in Figure 3 .  In this case, the resonant frequency 
shifted from 2.36 GHz for the rectangular patch or patch with 
Ls = 0 mm, down to 0 .54 GHz for the Ls = 3 1  mm case. Simi

lar results were also obtained for the other substrate thicknesses, 
as the first two columns of Table 1 show for the case of the 
3 mm substrate. Such a procedure corresponds to a frequency 
reduction and thus a size reduction, which is important in 
situations where space is a significant design constraint [ 1 6, 
1 7 ] .  In addition, it can lead to a metallization-area reduction, 

Radiation 10 Radiation 
Efficiency Efficiency 

(%) (GHz) (%) 

82 .7 2.24 83 . 1  

25 .7  1 .40 53 .3  

1 5 .6 1 .26 40.2 

0.3 0 .64 2.4 

which facilitates the printing of these antennas using low-cost 
direct-write-deposition methods [ 1 8] .  Nevertheless, the 
achieved frequency reduction is related to an extreme radiation
efficiency reduction, which makes most of the proposed 
meander antennas useless, especially those designed on the thin 
substrates of 0.75 and 1 .5 mm. As can be seen in Table 2 -
where three characteristic slit lengths were chosen to be shown, 
i .e . ,  1 7, 1 9, and 3 1  mm - for the three substrate thicknesses 
used, the achieved radiation efficiency had good values only for 
the case of the 3 mm substrate. The extremely low values of 
radiation efficiency for the substrates with 0.75 and 1 .5 mm 
thicknesses were confirmed with measurements of fabricated 
prototypes. For this reason, we chose to show results only for 
the case of the 3 mm-thick substrate. 

The quality factor, Q, from Equations (2) to (4) was calcu
lated from simulations for all the antenna configurations. The 
real and imaginary parts of the simulated input impedances, 
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Re (Z.  ) and Im (Z. ) were extracted from the simulation In m , 

results for a frequency range from 0.5 to 2 .5  GHz, and used in 
Equations (2) and (3) .  The VSWR simulation results were used 
in Equation (4), which relates the Q to the matched bandwidth. 

A number of antenna prototypes, both edge-fed and coaxi
ally fed, were chosen to be fabricated and measured in order to 
validate the results of the simulations. Photos of some of the 
fabricated prototypes are shown in Figure 4. From the results 
obtained, the measured Qz of the coaxially fed antennas 

showed slightly better agreement with the simulated values, 
although the difference from the edge-fed antennas was rather 
small. For this reason, the presented measurement results are 
from the fabricated coaxially fed prototypes. The antenna's 
input impedance was also measured in the range from 0.5 to 
2.5 GHz with a 1 .25 MHz step size, and the data were used in 
Equations (2) and (3). Thus, Qz for the fabricated antennas was 

calculated for all the frequencies in this range, not only for the 
resonant frequencies, and these values are shown as Qz (Meas.)  

in Table 1 and Figures 5 ,  6 ,  and 7 .  The results were compared 
with exact expression for Q as defined in Equation (2). The 
necessary integrals for the evaluation of WL and WR in (2) 
were numerically evaluated for each observation angle and 
frequency as necessary to accurately compute the frequency 
derivative with a finite difference, using the radiation-pattern 
data available from the simulation results. It was noteworthy 
that the accuracy of the simulations to obtain smooth curves 
was set to the 1 6th decimal point. Such accuracy in the 
measurements was not possible, since the vector network 
analyzer (VNA) utilized to measure the input impedance of the 
fabricated antennas had an accuracy of six decimal points. This 
is a general issue in measurement procedures, since there is no 
vector network analyzer that can give such high decimal-point 
accuracy as in the simulations. 

In contrast to wire antennas, which are placed in free space 
and are characterized with the help of the free-space wavelength, 
Ao , microstrip-antenna dimensions are typically related to the 
guide wavelength, A'g .  The length of the resonance path in 

terms of this A. determines the resonant frequency. On the g 
other hand, the fields of the microstrip antennas are created 
from within a dielectric volume and are radiated into free space. 
The volume where the fields are radiated is thus related to Ao .  
This is because in radiation problems, the radiation ability of an 
antenna - electrically small antennas included - is evaluated by 
how much energy can be transmitted to free space, which is 
associated with Ao . The antenna is rather small, and the volume 

it takes can almost be omitted at the observing point in the far
field area, no matter what material is used to design the antenna. 
The seventh column of Table 1 summarizes (for h == 3 mm) the 
electrical size, Es ' for each slit case in terms of the guide 

wavelength, A.g . The radiansphere radius, a, and the product 

ka , which are used in order to define an antenna as electrically 
small, are expressed in terms of Ao (in the eighth and ninth 

columns). All cases presented adhered to the fact that the ratio 
of the antenna's largest dimension to the resonant wavelength 

was such that the product ka was below the Chu limit concerning 
the small-antenna definition ( ka  < 1 ) . All designed meander 
antennas could thus be characterized as "small antennas." 

The results showed that the simulations were close to the 
measurements, which validated that the equations can be suc
cessfully used with meander-shaped microstrip antennas. In 
general, there was very good agreement between the results 
using the approximate Equations (3) and (4), and the exact 
Equation (2), definitions of Q. For all the presented cases, the 
exact Q and the approximate Q results were well above the 
established lower limit for Q. From the simulated Qz results, it 

was apparent that there was a steady increase in Q as the slit 
length increased and the antenna became electrically smaller. 
This was expected, since as the antenna diminished electrically, 
its fractional bandwidth became narrower, which led to high Q 
values according to Equation (4). For the selected meander 
cases of Ls == 1 7  mm and Ls == 1 9  mm on a substrate thickness 

of3 mm - which were electrically small antennas and presented 
radiation efficiencies equal to 53 .3% and 40%, respectively -
the measured Qz ' calculated using Equation (3), and the values 

of the measured antenna input impedance, Re ( Zin ) and 

1m (Zin ) , are shown in Table 1 .  As could be seen, there was 

good agreement between the simulated and measured Qz . This 
agreement was better for the rectangular case, where the 
deviation was only 1 0%, and it deteriorated for the Ls == 1 9  mm 

meander case, where it became 22%. This fact may be attributed 
to the ripple of the measured Qz due to the limited accuracy of 

the vector network analyzer, which became more pronounced 
as the frequency decreased. 

In Figures 5, 6, and 7, the superimposed simulated and 
measured Qz curves obtained using the approximate expres

sion of Equation (3) for the 3 mm coaxially fed rectangular 
( Ls == 0 mm) microstrip antenna, and for the meandered micro

strip antennas with Ls == 1 7  mm and Ls == 1 9  mm, are depicted. 

They are also compared to the Chu Q limit for the loss less case 

1 -21 mm 23 mm 25 mm 27mm 29 mm 31 mml 
o 

-5 
-10 

-20 
-25 
-30 0.5 0.6 0.7 0.8 0.9 1 .0 

Frequency (GHz) 
Figure 3. The simulated return loss (in dB) for the antenna 
with slits as a function of the slit length, Ls • 
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44mm 

Figure 4 .  Photos of some fabricated prototypes of rectangular (edge-fed and coaxially fed, and slotted (edge-fed and coaxially 
fed) micros trip antennas on R03003 substrate. Note that the patch area was always the same: 44 mm x 36 mm. 
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Figure 5. The measured (gray) and simulated (black) values 
of Qz for the 3 mm-thick coaxially fed rectangular 

microstrip antenna, along with the curves for the lower 
bound, Qlb ' for linear polarization (red), and the Qlb for 

circular polarization (green). The antenna resonated at 
2.24 GHz. 

a 

0.30 

1 000 � 

1 00 

0 . 1  

0 .5  

0.60 

ka 
0.89 1 . 1 9  

�� 

1 . 0  1 . 5  2 . 0  

Frequency (GHz) 

1 .49 

! 1 000 

. 

1 00 

t 1 0  

0 . 1  

2 . 5  

Figure 6. The measured (gray) and simulated (black) values 
of Qz for the 3 mm-thick coaxially fed meander micros trip 

antenna with Ls = 1 7  mm, along with the curves for the 

lower bound, Qlb ' for linear polarization (red) and the Qlb 
for circular polarization (green). The resonance occurred at 
1.4 GHz. 

IEEE Antennas and Propagation Magazine, Vol. 53 ,  No. 4, August 20 1 1  22 1 



0.30 

1 000 

0.1 

0.5 

0.60 

I 
1 . 0  

ka 
0.89 

1 . 5  

Frequency (GHz) 

1 . 1 9  

2.0 

1 .49 

1 000 

100 

10 

0.1  

2. 5 

Figure 7. The measured (gray) and simulated (black) values 
of Qz for the 3 mm-thick coaxially fed meander microstrip 

antenna with Ls = 1 9  mm, along with the curves for the 

lower-bound, Qlb ' for linear polarization (red) and the Qlb 
for circular polarization (green). The resonance occurred at 
1.26 GHz. 
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Figure 8. The simulated antenna directivity radiation pat
terns (dBi) in the elevation plane ( rp  = 0° , rp = 90° ) for the 

rectangular patch and the meander patch with slit lengths 
Ls = 19 mm. 

for linear and circular polarization. The circular-polarization 
curve is shown only for completeness purposes. The radiated 
fields of the rectangular and meander patch antennas were 
simulated for all the aforementioned configurations. As was 
expected, no distortion was observed in the shape of the 
radiation patterns between the rectangular and the resultant 
small meander antennas. In Figure 8, the directivity pattern of 
the case with a slit length of 1 9  mm on the 3 mm-thick substrate 
was chosen to be shown, in comparison with that of the 
rectangular patch, to show that the radiation pattern remained 
practically unchanged. 

4. Concl usion 

A basic rectangular microstrip-patch antenna can be 
miniaturized by inserting a number of slits parallel to the radi-

ating edges (of a rectangular microstrip). The resultant antennas 
with slits can be characterized as "small antennas," since the 
Chu and Wheeler limits are satisfied. The quality factor, Q, for 
all configurations was numerically calculated using exact and 
approximate Q expressions, along with the inverse bandwidth 
and Q relations. Good agreement among the results was 
observed, indicating a successful application of these quality
factor formulas on electrically small microstrip antennas. A 
frequency reduction of up to 80% and an area reduction up to 
44% were observed, depending on the length of the slit. 
Miniaturized antennas with dimensions comparable to Ao/lO  
or smaller were fabricated and measured. It was noticed that as 
the slit length was increased for a given substrate thickness, 
there was deterioration in the antenna's radiation efficiency. 
However, by increasing the thickness of the substrate while the 
overall antenna dimensions remained unchanged, a radiation 
efficiency close to 50% could be achieved, in combination with 
a 50% reduction in the resonant frequency. The resultant 
antennas could still be characterized as electrically small, since 
the product ka < 1 , according to the Chu and Wheeler limits. 
Further work is currently being carried out to increase the 
efficiency of such antennas, using structural modifications or 
dielectric superstrates.  
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